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Critical behavior of the majority voter model is independent of transition rates
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We study the critical properties of the majority voter model by using two different transition rates: the
Glauber rate and the Metropolis rate. The model with the Glauber rate has been found to be mapped to the
majority voter model with noise [de Oliveira, J. Stat. Phys. 66, 273 (1992)]. The critical temperature and the
critical exponents for the two transition rates are obtained from a Monte Carlo simulation with a finite size
scaling analysis. The critical temperature is found to depend on the transition rate, but the critical exponents do
not. The values of the critical exponents obtained indicate that the model belongs to the same universality class
as the Ising model, regardless of the type of transition rate.
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I. INTRODUCTION

The opportunity for choice in purchasing a product or in
selecting a representative is rising as the society is becoming
more complex. Agents in a market or an election observe
their neighborhood to determine their opinion. Recently,
opinion dynamics based on a stochastic spin model has been
studied actively using physical notions such as nonequilib-
rium phase transitions [1-3]. The majority voter model is a
well-known spin model for opinion dynamics, and has been
studied by many researchers [4—15].

Agents on a lattice in the majority voter model gather the
opinion of their neighborhood, and change their opinion ac-
cording to a majority of votes. When the noise parameter ¢ is
introduced to put a stochastic process into the majority rule,
a minority opinion can be selected with probability ¢ and a
phase transition occurs at the critical noise parameter g,
[4—6]. The majority voter model is known to be a nonequi-
librium model. Nevertheless, it belongs to the same univer-
sality class as the two-dimensional Ising model because of
the up-down symmetry [5,16,17].

The choice of transition rate satisfying the detailed bal-
ance condition is not unique. Various types of transition rate
are applied to study the critical properties of the equilibrium
[18,19] and the nonequilibrium [20] models. The critical
properties of the equilibrium models do not depend on the
transition rate. However, for the nonequilibrium models, the
dependence of the critical properties on the type of transition
rate is not known well. It is thus fruitful to investigate the
critical properties of a nonequilibrium model and their de-
pendence on the transition rate.

In this paper, we have carried out Monte Carlo simula-
tions to study the critical properties of the majority voter
model on a square lattice. We use the Glauber and the Me-
tropolis rates using suitably defined “energy” functions (see
Sec. II B) in our simulations. We show that the model with
Glauber rates is exactly mapped to the original majority
voter process with noise. We measure the order parameter,
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the susceptibility, and Binder’s fourth-order cumulant [21] to
obtain the critical temperature and the critical exponents, us-
ing a finite size scaling analysis. We find that the critical
temperature depends on the transition rate, but the critical
exponents do not. The values of critical exponents obtained
indicate that the majority voter model belongs to the same
universality class as the Ising model in two dimensions, in-
dependent of the type of transition rate. Finally, by measur-
ing the energy histogram ratio (see Sec. I D), we confirm
that the majority voter model does not follow the Boltzmann
distribution for either rate.

II. BACKGROUND
A. Majority voter model

The original majority voter model [8] is a spin model in
which each site i is occupied by a spin with value either o;
=+1 or —1. We consider the model on a square lattice with
periodic boundary conditions. The transition rate from a spin
configuration {o} to another configuration {¢"'}, which is dif-
ferent only by a single spin flip at site i, is given by 1—g¢ if
the flipping follows the majority rule among the nearest
neighbors of i, and ¢ if it does not. When there is a tie in the
neighbors’ spin values, the transition rate is 1/2. These tran-
sition rates can be written as

wallo} — {o'h = %[1 ~as(Zaja-20)
W

where S(x) is the signum function for x# 0 and is zero if x
=0, and (j) denotes the nearest neighbors of i.

B. Transition rates

We can define the local “configuration energy” in the ma-
jority voter model eyy[o;] as

SMV[U'i]z—U'iS(E U'j)- ()
)

The minus sign in Eq. (2) makes the spin value of site i
follow the majority of nearest-neighbor spins. With the con-
figuration energy defined, we can consider different transi-
tion rates based on it, which specify how a configuration {o}
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FIG. 1. Binder’s fourth-order
cumulant U as a function of tem-
perature for the majority voter
model with the Glauber rate (a)
and the Metropolis rate (b).
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evolves into a new one {o’}. Here, we consider two of them,
which we will call the Glauber rates wg; ({0} —{c'}) and the
Metropolis rates wyp({o}—{0o’}), borrowing from the lan-
guage of equilibrium statistical mechanics.

Glauber rate. In Glauber dynamics [22], the transition
rate from a configuration {o} to another {¢'} is given by
wgL=1/(1+eP™)=[1—-tanh(B;A/2)]/2, where By is the in-
verse temperature 1/kgT and A is the energy difference be-
tween configurations after and before the spin flip. Since the
energy difference takes values +2,0,-2 with the energy de-
fined in Eq. (2) in the majority voter model, the Glauber
transition rates of the majority voter model can be written as

Wor = 1{1 - O'[S(E 0'j>tanh ﬁT] . 3)
2 W
Comparing this expression with Eq. (1), we immediately see
the correspondence between the original majority voter
model and that with Glauber dynamics with configuration
energy Eq. (2), which leads to the relation between the noise
parameter ¢ and the temperature in Glauber dynamics as (1
—2q)=tanh By.

Metropolis rate. For this choice of transition rate, spin
flipping is controlled by the Metropolis rate [23]

wyg = min[ 1,e7P4]. (4)

Even though the transition rates differ from the original ma-
jority voter model, the Metropolis rates still capture the es-
sential feature of the model, which favors the majority opin-
ion, with a noise factor allowing minority opinion. In
equilibrium systems, the choice of transition rate does not
affect the critical behavior as long as the rates satisfy the

detailed balance. In nonequilibrium systems, however, there
is no such general rule, and it is an interesting question
whether a change in transition rate affects the critical behav-
ior or not.

C. Finite size scaling

The order parameter m and the susceptibility y are defined
as follows:

1R
=— 1, 5
m=y| 2o (5)
N

X= ()~ (). ©

Binder’s fourth-order cumulant [21] is given by

(m*)

=l 7

For a square lattice with linear dimension L, the finite size
scaling form of the order parameter, the susceptibility, and
the derivative of Binder’s fourth-order cumulant with respect
to temperature are given by

m(L) =L P"m(L"") (1<0), (8)

X(L) =L R(L"™), )

U’(L) =Lllvl7/(Ll/Vt)7 (10)

where we write the reduced temperature as t=(T-T,)/T..

U ‘max
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FIG. 2. Ln-In plots of U’(L) as
a function of the linear dimension
L for the majority voter model
with the Glauber rate (a) and the
Metropolis rate (b).
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According to finite size scaling theory [24], the scaling

functions 71, ¥, and U’ are universal and m(L), x(L), and
U’ (L) are smooth and analytic functions in the vicinity of the
critical temperature T...

D. Energy histogram

The normalized energy histogram h(e, By) is directly ac-
cumulated in the simulation, with respect to the energy func-
tion defined in Eq. (2) [20]. If we measure two energy his-
tograms at different inverse temperatures S5 and 32, we can
construct a simple histogram ratio for two different energies
€, and &, as follows:

h(sl’BIT) h(sz’ﬁg")
h(e2 B hien,B7)

For the equilibrium model, A(e, By) is related to the Bolt-
zmann distribution as follows:

h(e, By) = g(e)e Pr1Z(By),

where g(e) is the density of states and Z(3;) is the canonical
partition function. Then the histogram ratio becomes a
simple exponential:

R =exp[- (Br— (e, —&2)]. (13)

Since Eq. (12) does not hold for the nonequilibrium model,
the normalized configurational energy histogram for the ma-
jority voter model obtained directly from simulations will
deviate from Eq. (13). We will compare the histogram ratio
for the majority voter model with Eq. (13) in Sec. IIL

RH(81’82): (11)

(12)

III. RESULTS

Simulations are carried out on an L X L square lattice with
periodic boundary conditions for the majority voter model
with the Glauber and the Metropolis rates, respectively. The
linear dimension L is set as 10, 20, 40, 80, and 160. The
location of the critical temperature for the majority voter
model with each transition rate is estimated from Binder’s
fourth-order cumulants Eq. (7).

Figure 1 shows scaling plots of Binder’s fourth-order cu-
mulant as a function of temperature for the majority voter
model with the Glauber rate [Fig. 1(a)] and the Metropolis
rate [Fig. 1(b)]. The critical temperatures exist to character-
ize the order-disorder phase transition in the model [12]. We
find that the critical temperature T'. for each transition rate is
different. The critical temperature for the Glauber rate is
higher than for the Metropolis rate. We get T,
=0.796+0.005 for the Glauber rate and 7,=0.776+0.005 for
the Metropolis rate. Using g=(1—tanh B;)/2 given below
Eq. (1), one can easily show that 7.=0.796+0.005 for the
Glauber rate is the same as ¢,=0.075+0.001 [5].

The scaling form of U’ (L) is given in Eq. (10). If we draw
the In-In plot of the maximum of U’(L) versus L, the slope
gives the value of 1/v. Figure 2 shows a fitting line with the
Glauber rate [Fig. 2(a)] and the Metropolis rate [Fig. 2(b)].
The estimated values are v=1.02+0.03 for the Glauber rate
and v=1.03+0.03 for the Metropolis rate.

We also estimate y/v in Eq. (9) from the scaling plots as
a function of rLY” (Fig. 3). We get y/v=1.78+0.05 and
1.76+£0.05 for the Glauber and the Metropolis rates, respec-
tively.

The critical exponent 3 of the order parameter is defined
below the critical temperature and the scaling relation is
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FIG. 5. Accumulated histo-
gram ratio [Eq. (11)] and the the-
oretical histogram ratio [Eq. (13),
solid line] for the Ising model (a)
and the majority voter model (b)
with Glauber (square) and Me-
tropolis (circle) rates on a 20
X 20 system. We use 71=2.30 and
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given by Eq. (8). From Fig. 4, which is the In-In plot of the
scaling function m(L)LP"” as a function of scaling variable
L'""|¢|, we obtain 8/v=0.120+0.005 for the Glauber rate and
B/v=0.123+0.005 for the Metropolis rate. Our simulation
results for the majority voter model indicate that the set of
critical exponents are the same regardless of the type of tran-
sition rate, within numerical uncertainty.

Finally, we compare the energy histogram ratio directly
obtained in simulations with that of the theoretical ratio for
the equilibrium case, Eq. (13). For the Ising model, we
choose two temperatures above T, in which one is slightly
higher than the other. Figure 5(a) for the Ising model shows
that the histogram ratios obtained directly from simulations
coincide with the theoretical ratio R for both the Glauber
and Metropolis rates, as expected. However, for the majority
voter model [Fig. 5(b)], the histogram ratios are obviously
different from the theoretical ratio R for both the transition
rates, indicating that the dynamics of the majority voter
model does not follow the Boltzmann distribution regardless
of the type of transition rate.

IV. CONCLUSIONS

Using Monte Carlo simulation, we have studied the ma-
jority voter model on a square lattice with two transition
rates, the Glauber and the Metropolis rates. The set of critical
exponents are found to be identical in the two cases. Thus,
the critical behaviors and universality class do not depend on
the choice of transition rate, but the critical temperature does
depend on it.

T,=2.80 for the Ising model, and
T,=0.80 and 7,=0.85 for the ma-
jority voter model.

The difference of critical temperatures between the
Glauber rate and the Metropolis rate can be estimated as
follows. The possible energy differences A for a spin flip are
-2, 0, or +2 in the majority voter model. Just below the
critical temperature, the possible energy change is highly re-
stricted, to only one energy change (A=+2), because the
possibility of energy change with A<0 diminishes rapidly.
Therefore, we may approximate wME(,BI}/iE)z wGL(,B?CL) it A
=+2 to get the following relation between the two critical
temperatures:

B In(1 + el )
Te +2

If we put 79=0.796+0.005 obtained from our simulations,
we obtain TY'F=0.772+0.004 from the above relation. This
value is in good agreement with our simulation result T?’IE
=0.776x0.005.

The critical exponents obtained are »=1.02+0.03, y/v
=1.78+0.05, B/v=0.120£0.005 for the Glauber rate, and v
=1.03+0.03, y/v=1.76x£0.05, B/v=0.123+0.005 for the
Metropolis rate. These values are in good agreement with the
values in the two-dimensional Ising universality class, v=1,
y=7/4, and B=1/8.
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